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1. Introduction
Let f be an entire function defined in the open complex plane C. The maximum term ,(r, f) of ; :ia 7"
n=0 "

on |z|=r is defined by ,(r, t)= maXQan rn) . To start this paper we just recall the following:
n=0

Let f be an entire function defined in the open complex plane C .The central index Vi (r):v(r, f) is the

greatest exponent m such that ‘a r =v(r, f). We note that v(r, f) is a real and non-decreasing function of r.

The following definitions are well known.

Definition 1The order , and lower order A, of an entire function f is defined as

P
. |Og[2]M(rvf)and log“M(r, f)
P, =l sup==2 == i nf 20
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where |0g[k]x = Iog(log[H] x), fork =1,2,....,and |0g[0]x =X

Definition 2The hyper order — and hyper lower order — of an entire function f is defined as follows
Yo

f f

=lim sup log T Ac=liminf =70

[

Sincefor 0<r <R,

Iirv(R, f)

v(r, F)<M(r, )<

it is easy to see that

: log"v(r. f)and
p,=limsup g,Qgr o A= lim inf log”v(r.1)

r—ow

logr

Now let us define another function :
Let ¥:[0,00) — (0,00) be a non-decreasing unbounded function, satisfying the following two conditions:

Iog[u]
i g et

Iog[q]
M e log“#(r)

for some o >1.

¥ (ar)

Now we will define the classical definitions of growth indicators of fwith respect to central index v(r, f ) ,
with the help of the function ¥

Using the concept of central index we may reframe the following definitions as follows :

Definition 3 Thew - order and lower ¥ -order A of an entire function f is defined as follows:
W

Piw
log®v(r.t)and . log“v(r. 1)

P IMSUP= G A limint =

r—o

where Iog[k]x = Iog(log[m xj, fork =1,2,....,and Iogmx =X.

Definition 4: the hyper v _order = the hyper w_order Z
P frof fis defined by

[31 [3]
log v(r. 1) a = liminf log v(r. )

= Ilm Sup Iog\P(r) and v Al |Og \*/(r)

r—wo

f.v

Somasundaram and Thamizharasi ([4]) introduced the notion of L-order ,L-lower order and L-type for entire
functions where L=L(r) is a positive continuous function increasing slowly i.e. L(ar) ~ L(r) as r tending to

infinity for every constant ‘a’

Now we will define the L-order(L-lower order)with respect to the function w.
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Definition 5 {cf. [4]} The L-y- orderpL and L- lower W -order ,,  of an entire function f is defined as

fw v

follows:
li |Og ( ) and _ |Og[2]V(fv f) .
P =M SUP i A M I gy
When f is meromorphic, then
log T(r. 1) L e log T )
Lo=limsupg S A imin oo

Definition 6 {cf. [4]} The L-w-type  ofan entire function fis

O v

L log vi(r. f -
O-W:hm Supogi(r? 0<,0W<°°
RS L IGTEG) '

When f is meromorphic, then

oty -limsup—fl_ 0<p, <
S LTOIE( A

Definition 7 : The (p,q) i —y/ order and lower (p,q)th —y order of an entire function f respectively as
follows:

log!?! f
and P (P0)= I|m sup ‘I’gg - é (r))
[p]
Aix(P3)- lim inf kl)gg[q ((r))

wherep,q are integers with p>q.

when f is meromorphic one can easily verify that

log (P f

P, (pa)=lim supw
i . loglP4 f

Ao (P.0)=lim inf W

where p, g are positive integers with p>q.
With the notion of slowly changing function one can easily define the following:

Definition 8 : The L-(p,q)"—y order and L- lower (p,q)"—y order of an entire function f respectively as
follows:
L T log!*v(r, f)
PP =lm SUPs iy e
.. o logly(r, f)
L = 9 "\ )
A W(p,q) "”Llnf log“[¥(r)L(r)]’

The more generalized concept of L-order and L-type of entire and meromorphic functions are L -order and
L -type with respect to v, respectively .Their definitions are as follows :

Definition 9 : The L*_l//order , L lower —y, order and L —y type of an meromorphic function f are
defined by:
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* - log T(r,f)
L = 9 )
P v |II”TL§Up Iog[‘P(r)eLm]

logT(r, f)

=liminf ———
2/ r—w |Og[\}/(r)eL( )]
and . e
ob=limsup— T <ph <o
r—w [\P(r)e L(r)]aw
When f is entire, one can easily verify that
* |Og[2] (r )
L —_—5
o Ilrr]jup TR
- Iogv(r f)
ﬂ’ I'”L!onf lo [\P( ) (r>]
And : L L* 0,
o, =lim SupM 0<pb <

r—om [\P(r)e L(r)]ac‘w
In view of the notion of central index of entire functions we may state the following definition.

Definition 10 : The L™-(p,q)" -y order and L’- lower (p,q)"—y order of an entire function f are respectively
as follows:

* . [p]
pt . (pa)=limsup log (. f)
v r—ow

* _log"vr, f) _
AP Q)—llm inf - (e

When f is meromorphic, then and cannot be defined in the above way.
pL (p,a) AL fﬁv(p’q)

In the paper we further investigate the comparative growths of two entire functions with their corresponding
left and right factors with respect to central index on the basis of L™ (p,q)" -y -order(lower order) and L

(p,g)"—y - order(lower order), where p, g are positive integers and p>q.

2. Results and Analysis.

Theorem 1 : Let f and g be two entire functions such that 0</1: (p q)gpL (p,q)<and
og,'¥ fog, ¥ !

0<pL (qu)@oywhere p, g, m are positive integers such that g < min{p, m}. Then for any positive integer
9,¥

Al

N Iog[p (r fog) log!*! v(r, fog)
Ol inf Sogr, e, g = 2oee > M SUPfoge, 2 o)

pL (m,q) %w

a,¥

Further if ﬂ,L w(m, q)>0 then
9,

.o loglv(r, fog) _ 2% (p.a) log"”v(r, fog)
< I|m%!cnf W ng <lim Supm < fog\y((pq))
1 gv\P m‘q

(i) Augs(P.0)
p,.(ma)

(m.q) o
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log" v, fog) min /Logl(p q) ,Ofogq(P q)
log™ (" g) At (ma)’ p;w(m,q)

(iii)lirrrlﬂjonf

ﬂvfog‘l‘(p q) pfog‘}‘( |Og[p] I’ fog)

Q| ..
<limsu .
ﬂ (m q) p;q‘(m,q) r—s0 P og[] ( )

Proof : (i)From the definition of L-(p,q)" order we have for arbitrary positive & and for all large values of r,

log! v(r, fog) < (p;gw (p.q)+ gj log [P (F)L(E)] s @
and for a sequence of values of r tending to infinity,

log!™ v(r , g)z (p;\y (m,q)—&)log“/[¥(r)L(r)]

= log!"v(r*,g)= ( p;w(m, )= ) 1og ¥ [#(r)L(r)]+ O@hroorroeeoeeeren )

Now from (1) and (2) it follows for a sequence of values of r tending to infinity,

L
log" v(r, fog) - pfog,uz(p’q)Jrg

Iog[m}v(rA,g) - p:qj(m,q)—g +o0)

As & > Qis arbitrary we obtain that

L
L logu(r, fog) Oy (PiO)
Ilm |nf Iogg[m]‘;((rA 3))3 ng' .............................. ?3)
r—m f pg‘ly(qu)

Now for a sequence of values of r tending to infinity,

log!(r, fog)z( p;w(p,q)_a) 10 B (N v ()

Also for sufficiently large values of r,

log™! v(r , g)s (p;w (m,q)+ g) log!/ [w(r)L(r)]
= log!v(r*,g)< (p;w (m,q)+ gj log" [w(r)L(r)]+O@).....cooeen.... 5)

So combining (4) and (5) we get for a sequence of values of r tending to infinity,

log p]v(r fog) pfog‘l’(p q) g+O(1).
g™ v(r,g) P ma)e

As & > Qis arbitrary it follows that

L
. lo (] r, fo p - (p!q)
lim sup Io%[m]‘:/((rA g)) 2 L0 T (6)
o 9 p,,ma)

Thus (i) follows from (3) and (6).
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(ii)From the definition of L -(p,q)" lower order we have for arbitrary & > 0 and for all large values of r,

log® v{r , fog)=> (ﬂ,m IR RO Ll N (g Ny —— @)

Now from (7) and (5) it follows for all large values of r,
log"®!v(r, fog) Aog(P10)—2
iog™ v(r,A J] > Ao +0(1).
* pw(m, q)+e

As ¢ > Qis arbitrary we obtain that

.. ¢ loglly(r, fo ﬂ,LD ,W(FW)
lim inf ,Oz[m]v((rA 3)) z =
r—o ) pgv\y(m’q)

Again for a sequence of values of r tending to infinity,

log"” v(r , fog )< (ﬂ, (p,q)+&) o [P(NL(N)] e 9)

and for all large values of r,

log™ v(r*,g)> (ﬂ, —&)logl [ (r)L(r)]+ 0@ (10)

So from (9) and (10) we get for a sequence of values of r tending to infinity,
log!® v(r, fog) _ Aiogo(P.0)+&
log"v(r,g) = 2t (m,q)-¢

As & > Qis arbitrary we obtain that

log[™ v(r, fog) - ﬂzl;og,‘y(p' a)
log™ v(r*,9) ™ 4 (m,q)

......................... (12)

lim inf

Again for a sequence of values of r tending to infinity,

log™™ v(r*,g)< (ﬂ, m,q)+&) gl [P (r)L(E)]+O@h e 12)

Now from (7) and (12) we obtain for a sequence of values of r tending to infinity,
[p] b p.q)-¢
ot foa), Aa P2
g 9) A..ma)+e
As ¢ > Qis arbitrary we obtain that
log™ v(r, fog) ﬂ,:og,u,(pv q)
[m] A =
[, |Og V(r , g) ilg'y‘{/ (m, q)

Again from (1) and (10) it follows for all large values of r,

L
|og[p] v(r, fog) - pfow(paQ)+g
[m] A - L
log"I(r*,g) = 4t (m,q)-s
As & > Qis arbitrary we obtain that

log")v(r, fog)<,0:og,w(p'q)
Iog[’“ ( g) s /’L;\P(m,q) ..................................

+0(1

I|m sup
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Thus (ii) follows from (8) , (11), (13) and (14).

(iii) Combining (i) and (ii) of the theorem, (iii) follows.

Remark 1 : The middle part of the inequality (i) is independent of the constant A.
Example 1: Let f =logz,g :eez, Pp=2,0=1m=3,¥ = ZZ’ L= peXp(lj and A= 1, is a positive
r

real number.
Then

Prgy(P0)=59 21 (ma)=3
pm(p ) b n

Av(ma) 12
[p]
Then i ;g 109 v(r, fog) log" ( )_
lim inf ﬁ—jlog[m lim inf ﬂ—)l(og[g]) Inl!}nf Iogr 1
log® v(r fog) log®?v(r,e logr
Ilmsup iog™ Ilmsup ogTy —IlmsupIogr 1.

% (i)tim inf 0" (1 f0g) ;P PV _y_ im sup 29

Iog[m]v(rA,g) - ﬂ;“/(m,q) Wr—j

A (p Q) Y2 o iogu(rfog) Al (p,q)
fcg‘i‘ 7_1: ’ _ fog, ¥ _
W ey y2 Nt g )~ 4 ma)

L
log"®!v(r, fog) _ Iofog,‘i’(p’ a) _
logv{r®.g) At (m.q)

=lim sup

) . . . L .
Theorem 2 : If f and g two entire functions with pw(m,q) < and p;w(p]q) — o, then for every positive

number A,
log"” v(r, fog)

m sup 1)

where p ,q ,m are positive integers with g< min {p, m}.

Proof : Let us assume that the conclusion of the theorem does not hold. Then there exists a constant C>0
such that for all sufficiently large values of r,

10g P (1, 10g) < C.IOG™ V(M. @)oo (15)

Again from the definition of it follows that

pl_,w(m'q) ’
log"v(r .g)< (P;,w (m, )+ ) log“[¥(r)L(r)]
= 10g"v{r",0)< (], (1) £)log (I O w

holds for all large values of r. So from (15) and (16) we obtain for all sufficiently large values of r,
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0 v{y , fog )< (o, (m,a)+ ) CIogI [ (r )L+ O a7
log"®! vl , fog
Iogq][‘{gr) (p (M Q) H 8)Corrrririeieeeee e (18)

From (18) it follows that p (p,q)<
fog, ¥

So we arrive at a contradiction. This proves the theorem.
Example 2: Let f=z¢g :eez, p=2,0=1,m=3,¥= ZZ,L: pexp(l) and A= 1, is a positive real
r

number.
Then

3 log™ v(r,g)

0 e
< log® M (r, g
log |r?L(r)
log™ e®

2logr +log pexp1
r
logr 1
2logr+1+log p 2
r

_ . Io’g v(R,g)
Again, pw(m,Q) log®[¥(R)L(R)]
log™® R="M(r,g)
= log [R’L(R)

_ log™e* +0(1)

2I0gr+%+0(1)

1

>

H L

le. pg,w(m’q):E

In a similar way, pL (p.q)=
fog, ¥

o0,
Now  [im sup 22 fog) I|m su '09[2]”6 —I|m su
o p |Og[m ( ' p [3] plogr

Remark 1 : The second condition is necessary. As we see in the following example.

Example 3 : Let f =logz,g :eez, p=2,0=1m=3¥ = ZZ’ L= pexp(lj and A= 1, is a positive real
r

number.

L 1
Then P, (Mma)=5<=,

1
pfog*}‘(p q) 7;&00

Now,
log"® v(r, fog) Iogr
Ilm%sup—(m I|m SUP oo 1#w
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Remark 2 : If we take instead of pL (m,q)< in the above theorem and other conditions

p:yq‘(m,q)<oo 9.¥
remain the same then the theorem remains valid with g replaced by f in the denominator as we see in the
following theorem.

Theorem 3 : If f, g be two entire functions with Lo and (0:0) ,then for every positive

number A,
log®v(r, fog)

"rrLEUpﬁ—)g[” "
Where p, g, m are positive integers with g <min{p, m}.

Proof : Let us assume that the conclusion of the theorem does not hold. Then there exists a constant C such
that for all sufficiently large values of r ,

log"” v(r, fog) < Clog™ v(rA, i ) ........................................... (20)

Again from the definition of it follows that
pL "q‘(m,q)

log!™v(r*, )< (p;w (m,q)+ &) Iog! [P (F)L(F)]+O@hvvvvvvvvrerreresesse (21)

holds for all large values of r. So from (20) and (21) we obtain for all sufficiently large values of r,

From (22) it follows that pL (p.q) < .
fog, ¥

Thus we arrive at a contradiction. So the theorem is established.

In the line of Theorem 1 and 2 we may respectively state the following two theorems whose proofs are given
below.

Theorem 4 : Let f and g be two entire functions such that 0<ﬂ,f T(p,q)gpf (p,q)@oand
0g, fog, ¥

O<p (m,q)< Where p, g, m are positive integers such that g < min{p,m}. Then for any positive integer A,

e g logl”! (r fog) o (p.a) log"” v(r, fog)
(I)||m_>!cnf g™V ™ g <pfog‘l‘(mq) lim Supw—j

Further if ﬂ,fw(m! q)>0 then
g,

) -
(ii)/’ttw(p,q)< lim inf log™® v, fog) ﬁ,fogl( )<||m supIog w(r, fog)S pmg’.y(D,OI)_
Cma) AT g o) ()
pqu, 1q g.¥ ! g9.¥ !
(i) i log™® v (r, fog : ifugw(p a) pfogw(p a)
i)lim inf S0 g) < min §
r—m m q) pw(m,q)
szog‘l’(p q) pfog‘}'( < Iim S plog[p]v(r, ng)
i (m q) plg_ly(qu) w0 IOg[m]V rAyg
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Proof : (i)From the definition of L"-(p,q)" order we have for arbitrary positive & and for all large values of r,

log® v (r, fog)s(p: (p, q)+g]Iog[‘”[ (3 2] (23)

and for a sequence of values of r tending to infinity,

log"™v(r*,g)> (p m,q)- &) log [ #(r)e" ]+ O@W)...vroororereen (24)
Now from (23) and (24) it follows for a sequence of values of r tending to infinity,
-
(7 (p.a)+e

os [m]f(rvjog))gpffw +of)

l pg,‘l" (m' Q)* ¢
As ¢ > Qis arbitrary we obtain that

-

log"®lv(r, fog) _ P 1og (PO
log"™(r* . g) P, ma)
Now for a sequence of values of r tending to infinity,

log"” v(r, fog ) > (p:;gyw(p, q)—gj log [w(r)e“ ] ..o (26)

Iim inf

Also for sufficiently large values of r,

log™ v{r*, g)< ( ,O:W(m,q)Jr g)|og[q][w(r)eL<f>]+ (o111 W (27)

So combining (26) and (27) we get for a sequence of values of r tending to infinity,
-

[o (p.)-¢

og [m]vv((: ,f"g)) > Py P8 o)
A p(ma)+e
As & > Qis arbitrary it follows that
-
. log!?! f . (p.a)

lim sup f:)%][m]‘:/((rr’AOS))Z P .t

9 p ma)
Thus (i) follows from (25) and (28).

(ii)From the definition of L"-(p,q)" lower order we have for arbitrary & > 0 and for all large values of r,

log"” v(r , fog)> (ﬂ,m WP q)-¢) Iog[“][‘lf )]+O(1) .................................. (29)
Now from (27) and (29) it follows for all large values of r,

log"®!v(r, fog) N ﬂ,;g,w(p,Q)—g
log™v(r*,g) =
(r*.9) pw(m,q)+g

As ¢ > Qis arbitrary we obtain that

+0(1).

log!® v(r, fog) ﬂ,fogu,(P a)

............................ 30
Iog['"]v(rA,g) (m a) 0

lim inf

Again for a sequence of values of r tending to infinity,
log" v(r , fog )< (ﬂ,m L(pa )+¢)logh [‘P (rett ]+O() .................................. (31)

and for all large values of r,
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log™™ v(rA, g)z (/lgw(m q)-¢)logl [‘P(r)eL(r)]+ (o] ) TS (32)

So from (31) and (32) we get for a sequence of values of r tending to infinity,
(o] “ q)+&
ogplefoo) Aun 0022 o
g 9) A,.(ma)-e
As ¢ > Qis arbitrary we obtain that

log"” v(r, fog ) - ﬂ:og,xp(pvq)
) 4 m)

lim inf

Again for a sequence of values of r tending to infinity,
L,t
log"™ v(r*, g)< (ﬂ,w (m,q)+ &) log [‘P(r)eL(r)]+ (o) S (34)

Now from (29) and (34) we obtain for a sequence of values of r tending to infinity,
[p] L p.q)—¢
N
g 9) A,.(ma)+e
As & > Qis arbitrary we obtain that

log!® v(r, fog) . ﬂ,;g,\p(pQ)
log"™v(r*,9) = 4 (m.q)

lim sup

Again from (23) and (32) it follows for all large values of r
-
(o] (p.a)+e
v ) Lo P
og™v(r*.g) 4 (m.g)-e
As & > Qis arbitrary we obtain that

-
l log® v (r, fog)<lofog,\l‘(p'q)
im sup™ler fr gy <

roe ’ Agw(m,a)

Thus (ii) follows from (30) , (33) , (35) and (36).

(iii) Combining (i) and (ii) of the theorem, (iii) follows.

. . . * L -
Theorem 5 If fand g two entire functions with p:w(m,q) <oand pfog,\l‘(p’ q) = oo, then for every positive

number A,
. log"”v(r, fog)
lim sup ATl

where p ,q ,m are positive integers with g< min {p, m}.

Proof : Let us assume that the conclusion of the theorem does not hold. Then there exists a constant C>0
such that for all sufficiently large values of r,

AR (O oYe) B oo e LY. (AT ) NSO (37)

Again from the definition of pl—‘ (m,q) . it follows that
v

g,
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log!™ v{r*, g)< ( piw(m, q)+2)log [P (e 0 |+ O (38)

holds for all large values of r. So from (37) and (38) we obtain for all sufficiently large values of r,

log!®! v(r , fog )s (p;\u (m,q)+£).C.log[ [‘I’(r)eL(”]+ (0 () (39)

From (39) it follows that ptw(p,q)@o.

So we arrive at a contradiction. This proves the theorem.

- L i L in thi iti
Remark 4 : If we take pfyw(m’q)@omstead of pglw(m,q)ﬂo in this theorem and the other conditions
remain same then the theorem remains valid with g replaced byf in the denominator as we see in the
following theorem.

Theorem 6 : If f, g be two entire functions with | * and ¥ ):m,then for every

pt M= ot (e
positive number A,
lim Suplog[p]v(r, fog)

2 M 1ogm™ (kA £ )

Where p, g, m are positive integers with g <min{p, m}.

=00"

Proof : Let us assume that the conclusion of the theorem does not hold. Then there exists a constant C such
that for all sufficiently large values of r ,

log*! (1, fog) < ClogI™ v(r™, f Jovvvveeeeeeeseeee (40)

Again from the definition of it follows that

Pt ma)

log(™ v(r At )s (P;q, (m,q)+&)log! [‘P(r)eL(’)]+ o ) T (41)

holds for all large values of r. So from (40) and (41) we obtain for all sufficiently large values of r,
[y .
log?” v(r, fog )< (pw(m,q)+ £)C.log ™ [W(r)e O+ OW)cooorooeeeeeeeeen (42)

From (42) it follows that pL* (p,q) <co.
fog, ¥

Thus we arrive at a contradiction. So the theorem is established.
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